We compute the one-loop β-functions for renormalisable quantum gravity coupled to scalars using the co-ordinate space approach and generalised Schwinger De Witt technique. We resolve apparent contradictions with the corresponding momentum space calculations, and indicate how our results also resolve similar inconsistencies in the fermion case.
Introduction
Higher-derivative quantum gravity has attracted attention over the years as a renormalisable alternative to Einstein gravity; hence the alternative name of renormalisable quantum gravity. It is characterised by the addition to the action of terms quadratic in the Riemann curvature tensor. Perturbative calculations are involved and technically challenging, and even in the pure gravity case it took considerable effort to obtain the correct one-loop βfunctions. The first computation in Ref. [1] was corrected in Ref. [2] ; but the final correct result was obtained in Refs. [3] , [4] using the generalised Schwinger-De Witt technique presented in Ref. [5] . A comprehensive overview of the calculation may be found in Ref. [6] where some typos present in the Riemann tensor expansions in Ref. [3] are corrected. The case of higher-derivative quantum gravity coupled to scalars and fermions was considered in Ref. [7] , and results were presented for the one-loop β functions. In recent years, the subject of higher-derivative quantum gravity coupled to matter has attracted renewed interest in the context of "Agravity" [8] , where the Planck scale arises dynamically at quantum level. Independently in Ref. [9] the possibility of dimensional transmutation within higherderivative quantum gravity leading to an effective Einstein-Hilbert theory was raised and further explored in Refs. [10] - [14] . In Ref. [8] the gravitational β-functions were rederived using momentum space techniques. It was pointed out in Ref. [11] that these β-functions disagreed significantly with those derived in Ref. [7] , and simple arguments were presented to show that the results in Ref. [7] could not be correct. This is clearly an unsatisfactory state of affairs. Co-ordinate space methods have the advantage for calculations in gravity and curved spacetime of being manifestly generally co-ordinate invariant; and the generalised Schwinger-De Witt technique in particular is a powerful and elegant technique for computations in higher-derivative theories. It would be comforting to be assured that there are no issues of principle involved and that the technique will reliably reproduce momentum space results; both for future calculations and in existing cases where there are no momentum space results for comparison. Accordingly we have carefully reproduced the one-loop β-function computations of Refs. [7] for the case of higher-derivative gravity coupled to scalars, and, for completeness, the pure gravity case considered in Ref. [6] . We agree precisely with the results of Ref. [6] though, as mentioned, some of the intermediate equations contain typos. The calculations of Ref. [7] are mostly correct after once again allowing for some typos; however, we have identified some discrepancies after a close scrutiny of the application of the Schwinger-De Witt technique, which conceals some subtleties in the compact notation of Ref. [5] . We present our version of the calculation here. It seems appropriate to provide plenty of detail, both in order to give definitive versions of all the results and in order to carefully explain the origin of the new terms we have identified; though where possible we have relegated the details to Appendices.
Outline of calculation and results
We work with a Lorentz signature (+ − −−) and a Riemann tensor defined by
The classical action is given by
where dv x = d 4 x √ −g and the Weyl tensor C µνρσ is defined by
5)
where we have imposed the Gauss-Bonnet identity R µνρσ R µνρσ −4R µν R µν +R 2 = 0 in d = 4. The gravitational terms in Eq. (2.3) may then be rewritten as 1 µ R µν R µν − 1 3 (1 + ω)R 2 . We now expand around a classical background metric and scalar field according to
(using for convenience the same decomposition as in Ref. [7] ) and define
whereh µν is tracefree. The effective action is given by and where we take the gauge χ µ and the weight functional to be given by
We also take the gauge parameters α, β and γ to be given by
which ensures a minimal form for the four-derivative terms in the expansion; and we take P µν = 0.
The quadratic terms in the exponent in Eq. (2.8) now take the form
where the matrix operatorĤ is given bŷ
Here we see the first major difference between our calculation and that of Ref. [7] . We believe that the form of Eq. (2.16) encodes the requisite symmetry properties of the matrix operatorĤ, for arbitraryp 1 ,q 1 ,p 2 ,q 2 ; though the quadratic expansion naturally (i.e. without any integration by parts) results in
We denote the "natural" (in the above sense) forms of the other quantities in Eq. (2.16), together withp 3 ,q 3 , bŷ
18)
Explicit expressions forP αβ 1 ,Q α 2 , etc, will be given later, in Appendix A. In Ref. [7] , on the other hand, the quadratic expansion is rewritten using integration by parts to obtainp αβ 19b) and the corresponding forms ofp 3 ,q 3 are similarly denoted
Again, the explicit expressions forP αβ 1 ,Q α 2 etc are postponed to Appendix A. However, the terms with left-acting and right-acting derivatives are then (mistakenly, we believe), conflated in Ref. [7] , so that, for instance,
On the other hand, we believe that the symmetrisation in Eq. (2.19) is an unnecessary complication, and we show in the appendices that the correct answer is obtained either if Eq. (2.19) is imposed or in the simpler case (Eqs. (2.17), (2.18) where it isn't; provided that the left-acting derivatives in Eq. (2.16) are retained. Note that the quantities appearing on the diagonal in Eq. (2.14), namelyÛ,V andD, are unaffected by this process of integrating by parts and have the same form whichever choice is made. We also emphasise the slight change of notation relative to Ref. [7] , in that we have used lower-case letters to denote general quantities such asp αβ 1 ,q αβ 1 , reserving upper-case lettersP αβ 1 ,Q αβ 1 to denote the particular forms assigned to these quantities in Ref. [7] , and usingP αβ 1 ,Q αβ 1 to denote the corresponding forms of these quantities in our simpler version of the calculation. Our corrected version of the computation in Ref. [7] will be described in more detail in Appendices A and B, while our simpler version is contained in Appendices A and C.
The effective action corresponding to Eq. (2.8) is now given up to one loop by 
We now rewrite Tr lnĤ in the convenient form Tr lnĤ = Tr ln
Note the appearance of1 2 in Eq. (2.25); this is a shorthand notation for the inverse of the operator 21 . We can now rewrite the second term in Eq. (2.23) in the form
The strategy now is to commute the operator 1 through the other quantities until all the Green functions are at the right-hand side, using
Derivatives will then act either on functions of x such asp 3 ,q 3 ,V αβ ,Û orD in Eq. (2.14), or p αβ 1 ,q αβ 1 ,p α 2 ,q α 2 in Eq. (2.16); or on products of 1 . The latter are the "universal functional traces" of Ref. [5] , where they are listed and their divergences given (using dimensional regularisation with dimension d = 4 − ǫ). Eq. (A.6c) may then be used to extract the divergences. The details are given in the appendices. Here we just remark that another major source of disagreement with Ref. [7] is that when X is a quantity such asp αβ 1 ∇ α ∇ β , it is important to include terms resulting from commuting with the derivatives ∇ α,β . Furthermore, in doing this it is important to recall the tensor nature of1 2 , so that
where R αβ is defined in Eq. (A.8). We must also include the terms involving R in Eq. (A.6c) where appropriate; these were overlooked in Ref. [7] .
In Appendix A we give expressions for the quantities in Eqs. (2.14) together with results forthe divergent contributions from individual terms in the expansion Eq. (2.26). We also list the relevant results for divergent parts of the universal functional traces. However, the terms in the expansion Eq. 
where we omit the purely curvature-dependent divergences, and where
,
The corresponding results for individual ζ φ , ζ λ and ζ ξ are not given in Ref. [7] ; but it is worth pointing out here that one significant difference between our results and those of Ref. [7] is that their result for ζ φ , in contrast to ours, would contain terms proportional to ξ 2 . After making the replacements
31)
we find that finiteness at this order may be ensured by taking We emphasise for later reference that the extra ξ 2 terms included in ζ φ in Ref. [7] will induce extra ξ 2 terms in Z
φ , and also in ξ
B and λ
B . Of course this would have effects on their results for the β-functions for ξ and λ. The one-loop β-functions are then given as usual by β 
36b)
These results now agree with the momentum-space calculations of Ref. [8] used in Ref. [11] .
To facilitate comparison, the relation between our parameters and those used in Refs. [8] , [11] is as follows:
37)
while our ξ has the opposite sign to that in Refs. [8] , [11] .
The β-function for a Yukawa coupling in renormalisable gravity was presented in Ref. [8] with the comment that no earlier result could be found in the literature. In fact the position space calculation of this β-function was performed in Ref. [7] , for the case of theories with three-dimensional multiplets of scalar and fermion fields. It is simple to adapt their discussion to a case more akin to that considered in Ref. [8] , where we add to Eq. (2.3) the action for a single Weyl fermion
(2.38)
The theory is regularised by Eq. 
B .
(2.40)
The results analogous to y
ψ are not given separately in Ref. [7] . However, the final result quoted for the one-loop Yukawa β-function clearly differs from the corresponding result in Ref. [8] in having two terms proportional to ξ 2 . In fact, a closer scrutiny reveals that these terms precisely correspond to the ξ 2 -dependent terms erroneously included in the result of Ref. [7] for Z (1) φ , as remarked earlier. Upon removing these terms, the result of Ref. [7] 
ψ independently, but this agreement is strong evidence in favour of its accuracy.
Conclusions
We have resolved the disagreements between the position space and momentum space calculations of the one-loop β-functions for renormalisable (i.e. higher derivative) gravity coupled to scalar and fermion fields. The balance of probability was always in favour of the momentum space result presented in Ref. [8] , since it had been computed in two independent ways (albeit within the same paper) and since it could be argued [11] that the result of Ref. [7] could not be correct. Nevertheless in the face of two competing results it is reassuring to have a completely independent confirmation of one of them. Furthermore, it is also comforting to know that there are no ineradicable issues of principle in the position space computation, in view of its elegance and its manifest covariance. It is worth pointing out that the position space calculation can be carried out by hand at this loop level, whereas computer packages were enlisted in the momentum space case.
An interesting feature of the β-functions for the couplings λ and ξ is the considerable simplification that takes place when ξ takes the classically conformal value ξ = 1 6 . This is by no means guaranteed a priori even in the case of a curved background, still less in the case of quantum gravity. It would be interesting to investigate whether such behaviour persists to higher orders; or in other dimensions such as d = 6 where the corresponding conformal value is ξ = 1 5 . Much of the position space calculation for d = 6 could easily be adapted from the current calculation for d = 4.
We have used the same choice of gauge as in Ref. [7] , namely taking the values listed in Eq. (2.12) in Eq. (2.11), and taking a minimal choice P µν = 0. These choices for α, β, γ are required by the generalised Schwinger-De Witt technique, by guaranteeing a minimal form for the four-derivative operator in Eq. (2.14) . However, in the pure gravity case, the independence at least of the choice of P µν was demonstrated in Ref. [6] . It is less clear how to proceed to show this independence in the current case with couplings to scalar and fermion fields. It will be important to resolve this issue before tackling the d = 6 calculation, where it is not a priori clear what is the minimal gauge choice.
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A Details of the calculation
The terms in Eqs. (2.14) 
The ellipses in Eqs. (A.3e), (A.3f) denote φ-independent terms which play no rôle in our current calculation. We draw the reader's attention to the terms on the 3rd line of our expression for Uhh in Eq. (A.3e) , which are not present in the corresponding expression in Eq. (9.7) of Ref. [7] . They arise since the expansion of R in (8.82) of Ref. [7] produces a term − 1 2 h µν ∇ λ ∇ µ h λν . This represents a contribution toVhh. However, this is assumed in the rest of the calculation to be symmetrised; and the symmetrisation generates the extra terms inÛhh.
In the case of the choice Eq. (2.19), we have in Eq. (2.16)
while in the case of the choice Eq. (2.17), (2.18), we have in Eq. (2.16) Eq. (A.4b) , but without the terms involving ξ; andP 3 in Eq. (A.5d) is the same asP 3 in Eq. (A.4c), but without the terms with two φ derivatives. Finally,Q 3 andQ 3 are exactly the same.
As explained before, the procedure is to substitute Eq. (2.25) into the various terms of Eq. (2.26) and then use Eq. (2.27) to commute all factors of 1 to the right-hand side. We are then able to apply the following "universal functional traces" tabulated in Ref. [5] .
and
We 
For the terms involving p 1 or q 1 , the divergences may be obtained by substituting Eq. (A.9) and simply retaining the terms given explicitly on the right-hand side; and as mentioned earlier, are the same whichever choice is made in Eq. (2.16).
The corresponding results in Ref. [7] contain several minor errors, mostly typographical. We have inserted a 1 2 before the Rφ 2 in Eqs. (A.10b), (A.10c); and changed β to β 2 in the third term of Eq. (A.10d) .
The most complex evaluation is that of Tr(p 1 q 1 ). This differs significantly depending on the choice of Eq. (2.17) or Eq. (2.19). However both choices involve a basic nucleus given by
whereP αβ 1 is given in Eqs. (A.5c) or Eq. (A.4b). We shall accordingly describe the treatment of this common term in some detail here, before describing the differences in the two approaches in the respective Appendices. Using
and similarly
1 Since 1 is a shorthand for the Green function G(x, x ′ ), derivatives on opposite sides are defined at different points. A more rigorous but lengthier treatment requires starting from
where g µν ′ is the bivector giving parallel transport of vectors along the geodesic from x ′ to x. Using properties of g µν ′ as given in Ref. [15] , we have checked that the same result is obtained.
we find
Tr P T γδ together with Riemann tensors, which do not contribute to divergences in our calculation. We have also used the symmetry of P αβ 1 in α, β. As emphasised before, we have included in Eq. (A.13) terms resulting from commuting with the derivatives ∇ α,β ; and in doing this we have used [∇ α , ∇ β ]1 = R αβ1 .
(A.17)
We have also included the contributions deriving from the terms involving R in Eq. (A.6c), which were overlooked in Ref. [7] . In Eq. (A.16) we have explicitly displayed these extra Rφ 2 terms which we have identified.
B The original calculation corrected
In this Appendix we follow the approach of Ref. [7] in symmetrisingp αβ 1 ,p αβ 1 ,p α 2 ,q α + 2i 
